Physics 125
Course Notes
Electromagnetic Interactions

Solutions to Problems
040520 F. Porter

Exercises

. Prove the theorem:

Theorem: Let the Hamiltonian for a charged particle interacting with
an electromagnetic field be H:

H= o [p—gAG P + g0 0+ Ulxt), ()
Let H' be the Hamiltonian obtained from H by a gauge transfor-
mation:
A(x,t) — Al(x,t) =Ax,t) + Vx(x,1) (2)
O(x,t) — P(x,t)=d(x,t) — dhx(x,1), (3)
If 10,4 = Hvp and i0,¢)" = H')', then
W (x, 1) = DD y(x, 8). (4)
Solution: In the original gauge, the Schrodinger equation is:
¢a¢(a’;’ D — Hyx,t) (5)

— {ﬁ [—iV — gA(x,1)]> + ¢®(x, 1) + Ul(x, t)} P(x,1).

In the new gauge, the Schrodinger equation is:

W (xt)
i = H'Y (x,1) (6)

— {ﬁ [—iV — qA/(x,t)]* + ¢®'(x, 1) + U(x, t)} P (x,t)

Suppose ¢'(x,t) = eXDy(x,t). Consider taking e~X times equa-
tion 7, and subtracting Eqn. 6. The left hand side of the result is:

e—iqx(l'atw’) —io0p = i {6_iqx(6iqxaﬂ/) + ¢ateiqx) — at@b} (7)
= —q(0x)¥. (8)
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The right hand side is:
eI — HY 9)
) 1 ,
_ oo {%(zv +qA + qVX)? + q® — gdix + U] ¢y
1
- {—(zv +qA) + ¢ + U] ¥
2m
1 , 1
— |p—tax_—_(; 2 0qx _ _— (; 2 _
I IV + qA + qVXET — (09 + gAY~ g0
Comparing the two sides, we find that the theorem will be verified if
we can show that

[TV + gA + qVx)Pe ™ — iV +gA 0 =0. (10)

For convenience, absorb the charge into A and into y. Then we want
to evaluate:

[TV + A+ Vx)*eX — (iV + A)?| ¢ (11)

= {e—ix —V2+ (A+VX)’+i (2A+Vx) - V+V-A+ V)| e
+V2—A2—i(2A-V+V-A)}w

= {e"'x (= V2 4+ 2A -V + (V) +i (2(A + Vx) - V + Vx| e
+V? — 2%iA - v}w

_ [—z'VX AV +iVy) — iV — iV - V 4 2A - Vy + (Vy)?

+i (2z'A -V +2i(Vx)? +2Vy -V + sz)}@b
—0, (12)
as desired.

2. We stated that the actual number current density operator is:
. q
J(x) = j(x) = - Ax,t)p(x), (13)

2



where p(x) is the number density operator,
p(x) = 3209 (x - x,), (14

and
i(x) = % 3 [P0 (x —x) + 5% (x — x)p] (15)

(a) Show that J(x) is a gauge invariant operator (i.e., that its matrix
elements are gauge invariant).

Solution:
J(x) = % ' [Pi(;(g) (x—x;) + 5@ (x— Xi)pz} - %A(x, t) Z 5@ (x —x),
- ﬁ ' [(pi — qA(x))(6¥ (x — x;) + 6@ (x — x;)(pi — qA(xi))} (16)

Under a gauge transformation ¢ — €' and A — A+Vy. Also,

(Pi — qA(xi) — qAX) (™) = "™ (p; — A (x;) — qAX + ¢AX)Y

X (p; — qA(x;)). (17)
Thus, if J — J’, then
I — eI 'y (18)
= e X X Ty (19)
S O3 (20)

(b) Show, in the Heisenberg representation, the familiar law:

Ip(x,t)
ot

LV I(x,t) =0 (21)

Solution: In the Schrodinger picture, we have:

ps(x) = 25(3)(X—Xz’)> (22)
Js(x) = % . [(Pz’ — qA(x:)) (0 (x = x;) + 6@ (x — %) (pi — qA(Xi02§B)



The Heisenberg operators may be obtained from the Schrodinger
operators according to:

pr(x,t) = e Mps(x)e™™, (24)

Ju(x,t) = e jg(x)e!. (25)

The Hamiltonian is:

Hzé%L%V—qA@jW+q®@jy+U@j) (26)

In the case where A and ¢ are independent of time, the proof is a
bit easier. Let’s assume this is the case for now. Let us also work
in the gauge where V - A = 0.

The partial derivative of the number density operator with respect

to time is:

Ot i p(x) + ips ) H] " (27)
_ —iHt Z [ 5(3 X X])} ciHt (28)
b 2 ~ 3)
= iy e ZJ: {V + 2igA(x) - V, 0% (x — x; } #9)

The remainder of the proof is to show that this is cancelled by
the divergence of the current density operator. With our choice
of gauge,

V- Ju(x,t) = eV - Jg(x)] e (30)

3. We defined the quantum mechanical electromagnetic field operators
Aké and ALE

(a) Determine the commutation relations among these operators.
Solution: We start with:

. 12 —

Ak6|Nk161, .. '7Nk€7 . > = U Nk6|Nk1€1, .. '7Nk€ - 1, .. > (31)
A 2T

Al eI Ny Niey ...y = ,/?/Nkﬁ1|Nk161,...,Nk6+1,(33)



It is obvious that:

[Ake, Ak’é’} =0 (33)
[Ale. ALe| = 0. (34)
Also,
[Ale, Awe] =0, if k #K or e # €. (35)
It remains to consider:
[Ale, Ave] [N Nie, ) = (36)
2—7TNke|Nk1€1, ooy Neey o) — 2—7T(Nke + 1)|Nkjes -5 Neey - - 1)
Thus, )
e T
ke Ae| = - (37)

We may define the quantum mechanical electric field operator
according to:

LV > (—iwflkeee +iwA] g€ e Zk'x) . (38)
KE

Make sure this definition makes sense to you. Compute the ex-
pectation value:

(QE(x) - B(x)|Q) (39)
Solution:
<Q|E(X) : E(X = Z Z ww' (40)
k€ k'€
Q| ( iAeee™ ™ +iAl ere* x) : (—iflk/e/e'eik/'xl + iAL,e,el*e_Zk x) 1)
1 o . ,
— V Z w2 Sezk-(x—x ) (41)
= 2/ 27rwe ke (x—x') (42)
We have:
(QUB() - BE)IO) = T2 Y ekt = L [ et ),
VK 272 Joo)
(43)



Let’s work further with the integral form. Let r = x — %/, r = |r|,
and w = k = |k|. Let 6 be the angle between k and r. Then,

A ~ [ee] 1 .
<Q‘E(X) . E(X’)|Q> — l / ]{ng]{:/ dcoseezkrcose (44)
™ J0o -1

2 o)

= — k? sin krdk (45)
7r Jo
2 o,

i sin xdx. (46)

~

Consider the average, E(X), of E(x) over a small volume V. What
is
.72
@l [Ee)| 19, (a7)

and what happens as V — 07

Solution: First, find the average of of E(x) over a small volume V.
Suppose the volume is cubic (it might actually be more convenient
to use a spherical volume), with V = 3. We need:

l +ik-x 33 _ > 1 :I:ikj:cj )
V/Ve d(x)—gf/ dz, (48)
1
= HZ 2isink;0/2 (49)
i
= Hk—smk (/2 (50)
]:
~ 1 for k;¢ small. (51)
Hence,
N I .
Bx) = 3 /V E(x)d*(x)



The vacuum expectation of the square of this averaged operator
is:

mwa@rm>zféepwkf%}%>g<éQSW@w2
47 2 ? )
= Vzk:w};[l (W) sin® k;0/2. (54)

Thus, for £ < 1/¢ we sum the photon energies, and for k > ¢ the
terms in the sum fall off rapidly with increasing k. As the volume
YV becomes smaller and smaller, the sum gets larger and larger,
with the “limit”:

01 [Be)] o) - 17 e (55)

Note that the energy density in an electromagnetic field E is
E?/87. Thus, our result corresponds to an energy density of

1 w
V%? (56)

This gives a total energy divergent as k*. The result is readily in-
terpreted in terms of the harmonic oscillator picture of our second
quantization: We have an infinite number of harmonic oscillators
corresponding to the different modes of the photon field. Each
oscillator has a zero point energy of w/2 where w = |k| for that
oscillator. Summing over the zero point energies gives an infinite
result.



