Physics 195a
Course Notes
Solving the Schrodinger Equation: Resolvents
Solutions to Exercises
021209 F. Porter

Exercises

. Prove identities (12) and (13).

. Prove the power series expansion for resolvent G(z) (Eqn. 2):

G(2) = G(=) i (= — 20)Clz0)]"

You may wish to attempt to do this either “directly”, or via iteration
on the identity of Eqn. 11.

. Prove the result in Eqn. ?77?.

. Let’s consider once again the Hamiltonian

1 d?

H=—— %
o2m dz?’

but now in configuration space x € [a, b] (“infinite square well”).

(a) Construct the Green’s function, G(z,y; z) for this problem.

Please do not look at this solution until you have turned
in problem set number 8
Solution: To construct the Green’s function, we look for solutions
to:
1 d? . _
Hu(zr) = —%ﬁu(a:, z) = zu(x; 2). (2)

The solutions may be expressed in the form
u(z;z) = Asinp(z + ), (3)

where p = v/2mz. The left and right solutions, giving the bound-
ary conditions u(a) = u(b) = 0 are thus:
ur(x;z) = Asinp(z — a) (4)
ug(z;2) = Bsinp(b— x). (5)



The Green’s function is:

2m

G(z,y;2) = W) [ur(z; 2)ur(y; 2)0(y — =) + ur(y; 2)ur(z; 2)0(z — y)] |

Wiz
(6)

where the Wronskian is
W(z) = u)(z; 2)ur(z; 2) — ur(x; 2)ug(z; 2). (7)

Since the Wronskian is independent of z, we pick a convenient
place to evaluate it, x = b:

W(z) = ABpsinp(b — a). (8)
Hence, the Green’s function is

2m
psinp(b —a)
X [sin p(x —a)sinp(b—1y)0(y — z)

G(z,y; 2) (9)
+sinp(y — a)sinp(b — z)0(x — y)}

From your answer to part (a), determine the spectrum of H.

Solution: We first remark that G is regular at p = 0, hence at
z = 0. The poles appear at:

V2mz(b—a) =kmr, k=41,+£2 ... (10)

That is, the eigenvalues of H are:

m2k?
=———  k=12,... 11
Wi 2m(b _ CL)2’ 3 &y ( )
Notice that, using
G(a:,y; Z) — Z M, (12)
=1 W — 2

the normalized eigenstate, ¢x(x), can be obtained by evaluating
the residue of G at the pole z = wy. Do this calculation, and check
that your result is properly normalized.

Please do not look at this solution until you have turned
in problem set number 9



Solution: We need to evaluate the residue at the pole z = wy:

—o@)0ily) = lim (=~ w)Gla,p:2) (13
. 2m
Jim =) ) (14)
X [sin plx —a)sinp(b—y)0(y — )
+sinp(y — a)sinp(b — z)0(x — y)}
Hence, consider
, [2m 1 (2m)2(b—a) — ey
lim (2 — wg)y/ — = lim
Zﬁ“k< ©) Z sin { 2mz(b — a)} km #7WE sin [\/sz(b — a)}
2
= (=1)* , 1
() (15)
Thus,
sin b7T— (b—vy) sin bﬁ_a(b—a—i—a—y) (16)
sink cos k2 — sinmk? % cos mk
—a —a
(—)k+L smkfg -1 (17)
—a
2 k mk
* o _\k+1 : _ ; _ _
or(0)0(y) = () fsin g (a —a)sing— (b - )iy —z)  (18)
. .7k
—|—smb_ a(y — a)sin - a(b_ x)f(x — y)}
2 k k
= (-) b—a[smb—a(x a)smb_a(b )0y —zx) (19)

—+ sin

7k

b—a

bﬁ_ka(y — a)sin (b—z)0(x — y)}

= (s ™ (o a)sin T (y — a)6(y — 2) ()
+sin bﬂ_ka(y — a) sin bﬂ_k (z —a)f(z — y)(—)kﬂ}.
k .7k
= b_asmb_a(x—a)sm _a(y—a). (20)

Finally,




The normalization may be checked by:
b 2 b k
2 : N2
/a dx|op(x)]* = b—a/a d:zc|smb_a(x a)|
1
= 2/ dy sin® Tky
0
= 1 (22)

Consider the limit a — —oo, b — oo. Show, in this limit that
G(x,y; z) tends to the Green’s function we obtain in this note for
this Hamiltonian on z € (—o0, 00):

) — i [T ipla—y] )
G(z,y;2) “/226 : (23)

Solution: We wish to take the limit a — —o0, b — 00 on the
Green’s function:

Gz, y;2) pnig_) (24)
X [sin p(x —a)sinp(b—1y)0(y — z)
+sinp(y — a)sinp(b — z)0(x — y)}
To do this, consider,
sinp(x —a) = 212 [eip(x_“) - e_"p(x_“)} : (25)
Let Sp > 0. Then:
sinp(z —a) — —212,6_”)(“”_“), —a — 00; (26)
sinp(b—a) — —212,6”’("“), —a — 00,b— 00;  (27)
sinp(y —a) — —212,6_”’(9_“), —a — 00; (28)
sinp(b—x) — —;ie_ip(b_z), b — o0; (29)
sinp(b—y) — —;ie_i”(b_y), b — 0. (30)
Hence,
Glanyiz) = 2

P —2



X [Q(y _ x)e—ip(ﬂf—“)e—ip(b—y) +6(z — y)e—ip(b—w)e—ip(y—a)}

= i oty — z)eirv—=) — y)eirey)
= i 22[6’(y x)e?YT + 0(x — y)e” y}

= 4 lgelﬂy—ﬂ’ (31)

as hoped.



